
73

INCREASING THE RELIABILITY OF THE INSPECTION  
BY ADJUSTING THE TRANSFORMATION FUNCTION  

OF MEASURING SYSTEM

Eugenij VOLODARSKY 1), Larysa KOSHEVA 2), Zygmunt WARSZA 3)

1) NTUU "KPI", Ukraine, Kiev. 
2) NAU, Ukraine, Kiev. 

3) IRIAMt (PIAP), Warszawa Poland 
e-mails: 1) vet-1@ukr.net 2) l.kosh@ukr.net 3) zlw@op.pl

 
Abstract: As known, the real conversion characteristic of the measuring system is different from the nominal 

characteristic. During the measurement control this may increase the probability of erroneous decisions. In this 
connection it is necessary during calibration to transform the conversion characteristic, bringing it closer to the 
boundary areas of the nominal. The transformation of the characteristics may consist of several cycles, each consisting 
of two phases - a multiplicative and an additive. For selecting the type of transformation and the number of cycles 
it is necessary, first of all, to review the relationship between the components of errors of the conversion measuring 
system and the length of the tolerable interval. Relationships which allow us to estimate the probability of erroneous 
decisions both within the cycle and in the transition to the next cycle of transformation are obtained.

Keywords: measurement channel, real conversion characteristic, nominal characteristic, measurement control, 
multiplicative and additive cycles, probability of erroneous decisions.   

1. Introduction 
During production control and in diagnostics of 

equipment in industry, including chemical indus-
try, decisions about the utility of a test object are 
made on the basis of the measurements of relevant 
parameters. A correctness of decision is affected 
by inaccuracy of a measurement system. The real 
characteristic of a measuring system φ(x) differs 
from the nominal characteristic φ0(x). Its deviation 
from the nominal characteristic is determined by a 
calibration [1]. This calibration is carried out for 
the range of expected changes in the controlled 
parameter x, which covers the range of limiting 
values xl, xh but it do not need contain the value  
x = 0. For example, for this purpose a set of 5 to 7 
values of reference quantity is used to determine 
a calibration curve. Then, with the method of 
least squares a calibration curve is determined [2], 
which reflects the characteristics of a measurement 
system. For example, the linear characteristic is 
obtained as  ( ) bxax +=j  and

 ( ) ( )( )γxx +∆+= 1j    (1)

where: Δ – additive component and γ – multiplica-
tive component of a system error.

In many cases, the ultimate goal of object in-
spection is to make a decision classifying an object 
to the set of objects that fit or unfit [7]. Usually, 

the values of tested quantity x are controlled in the 
limiting values of its tolerance interval (xl, xh) and 
a positive decision is taken on the basis of condi-
tion xl < x < xh. If the real characteristic φ(x) of a 
measuring system deviates from the nominal one 
around the limits xl, xh (e.g. shifting, poor sensi-
tivity, linearity) [4], [5], incorrect results of that 
inspection can be received. At control systems, as 
opposed to measurement systems, non-ideality of 
conversion characteristic influences correctness of 
accepted decisions (their reliability) only in some 
areas adjoining to the limiting values xl, xh of toler-
ance interval. In [3] are presented the boundaries 
of such areas which sizes depend on a ratio of 
system error components. There are four different 
character combinations of error components Δ and 
γ and two special cases. In one of them the effect of 
non-ideal conversion characteristic on the accuracy 
of control is equal to zero.

Elementary, from mathematical point of view, 
basing on the real characteristic, the settings φ(хl) 
and φ(хh) can be formed. The result of transforma-
tion φ(x) is compared with them. At the same time 
the condition to recognize the validity of controlled 
object is φ(хl) < φ(x) < φ(хh), which corresponds 
to the condition of serviceability 

xl < x < xh.

However, from a physical point of view the 
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probability of correct decisions in most cases is 
reduced. It is explained that with a negative value 
of multiplicative component of error a sensitivity 
of system decreases. Thus, its resolution decreases 
and an influence of random variables increases. A 
limitation of dynamic range of input values occurs 
with the positive values of multiplicative compo-
nent. It is due to the elements of a measurement 
system enter the saturation mode.

To reduce the incorrect decisions the actual 
processing characteristic have to be calibrated 
in two limit points, i.e. for the standard x01=xh 
and x02=xl. However, the impact of randomness  
(x size distribution, random errors) causes that there 
is not enough to introduce only bias corrections. 
The real characteristic φ(x) should be transformed 
in such a way that at the limiting values xl, xh it is 
moved towards the nominal characteristic φ0(x). 
In further considerations a quite common case is 
assumed when the random errors of a measuring 
system are much smaller than systematic errors 
(biases) determined during the study.

A transformation algorithm of conversion char-
acteristic comprises two successive cycles, each of 
two stages, called as multiplicative and additive. 
A processing cycle of characteristic which begins 
from the multiplicative stage.

2. Multiplicative transformation
The processing result φ(хh)= (хh + Δ)(1 + γ) of 

the auxiliary quantity х01 = хh is used to carry out 
the activities that appropriately change the range 
ratio, i.e. the slope of conversion characteristic, to 
fulfill the condition:

 ( ) ( )( ) ( )hhhm хxx 011 γ1Δ jj =++=  , (2)
where: the first digit in φ11m indicates a cycle num-
ber, the second digit - stage number, a letter - cycle 
type: m - multiplicative, a - additive.

The subsequent changes in the characteristic 
in multiplicative cycle 1 are presented in Fig. 1.

After the first stage of correction the equating 
of real conversion characteristic φ11 and nominal 
characteristic φ01 in point [xh, φ(xh)] is obtained. 

 Nominal characteristic is expressed as the parts 
of range and it is linear with slope equal to 1. Then 
φ0(хh) = хh   and   φ0(хl) = хl. In the first cycle and 
in the first stage of characteristic correction it is 
obtained

 ( ) ( )
Δ

Δ11 +
+=

h

h
m x

x
xxj  . (3)

Taking into account the impact of this correc-
tion a rule in decision-making on compliance of 
an object with the requirements is [6]:

 hll xxx <<− 11θ  , (4)

where:  θl11=Δ(β-1) /β,  θh11= 0 and β=
l

h

x
x . 

From the expression (4) it follows that after 
the first stage of transformation its influence is 
described as equivalent interval, located on the left 
of the lower limit xl. Therefore, the objects whose 
parameter values are in the interval [(xl - θl11) - xl] 
will be regarded as usable, although in reality 
they are not suitable. The probability of incorrect 
decisions is proportional to the area under a curve 
of possible values of the analyzed quantity in this 
interval. The incorrect decisions do not occur at 
the upper limit of the tolerance range xh.

In the second, i.e. additive stage of the first cy-
cle, the result of reference value processing х02 = хl  
is used to make an additive shift of conversion 
characteristic that it should pass through the point 
[xl, φ0(xl)] belonging to the nominal characteristic. 
The additive stage ends with the fulfillment of 
condition

 ( ) ( ) ).(
Δ

Δ 011 l
h

h
llm x

x
xxx jj =
+

+=  (5)

Hence, it can be found a final additive compo-
nent Δ1 of processing error:

 
.ΔΔ1

h

l

x
x

=  

The conversion characteristic after the correc-
tion in the second phase of cycle 1 is  described 

Fig. 1. Transformations of conversion characteristic 
in multiplicative cycle (φ11,φ12)
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by the relationship
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a decision rule (algorithm) can be written as

 12hhl xxx θ+<<  . (7)

Ultimately, equivalent shift (offset) intervals 
are:

 .1Δ,0 1212 β
βθθ −

== hl   (8)

Thus, the same as in the first stage the objects, 
whose values of tested parameter are in the interval 
[xh - (xh + θh12)], will be classified as fit even though 
in reality they do not fulfill the requirements. It re-
sults from equations (4) and (8) that the equivalent 
length of the intervals, which reflect in the final 
rule the influence of the residual non-idealities of 
conversion characteristic, remains unchanged in 
both steps. Also, a type of bad decisions does not 
change.

If the probability of incorrect decisions in the 
first stage of cycle exceeds the limit then skipping 
the second stage of cycle is necessary to go on to 
the second cycle. In general, the lengths of the end 
shift intervals in i-th stage (i = 1, 2) and n-th cycle 
are equal to:

 ( ) ( )11Δand21Δ −
−

=−
−

= ii nnihnnil β
βθ

β
βθ  , (9)

and the corresponding probability of incorrect 
decisions is
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where F(х) = 
 

( )∫
∞−

х

dxxf   – the cumulative distribu-

tion function of possible values of studied variable x.

In the second component of equation (10) for 
i = 1 the equivalent shift occurs and in the third 
component for i = 2  the shift does not occur. For 
i = 1 the third component the equivalent shift does 
not appear but for i = 2 it reappears.

It results from the expressions (9) that the 
multiplicative component of error does not affect 

the correctness of decision. However, changing a 
sign of the additive component of error will change 
the type of incorrect decisions and for distribu-
tions other than uniform – it also will change their 
probability.

3. Additive transformation
It was mentioned above that in the multi-pli-

cative cycle of transforming the conversion char-
acteristic the main cause of erroneous deci-sions 
was an additive error (shift). If the prelimi-nary 
analysis of the characteristic shows that this shift is 
significant, it is advisable to begin its transforma-
tion from additive cycle. The sub-sequent stages 
in this cycle are shown in Fig. 2. 
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Fig. 2. Transformations of conversion characteristic 

in additive cycle.

where: Δ – additive component and γ – multiplica-
tive component of absolute processing error.

In the first stage the condition must be satisfied

 ( ) ( )( ) ( )llla хxx 0111 γ1Δ jj =++=  .          (11)

The additive error will be equal Δ1= – αхl and 
decision rule on compliance with the standard 
will be

,)(
11


h

lhhl xxxxx
θ

a −−<<   (12)

where α = γ / (1 + γ).
The upper interval of shift will  be situated to 

the left of xh, i.e. within the tolerance interval. This 
brings up a false result of inspection because the 
objects whose values are in the range [(xh–θh11) – xh]  
will be classified as unfit, although in reality they 
are fit [5]. 

In the second (multiplicative) stage of cycle 
for x02 = xh a change in the angle of characteristic 
occurs such as to fulfil the condition
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 )()( 012 hha xx jj =   or  ( )( ) .1 1 hlh xxx =+⋅− ga  (13)

Using this relationship, a new value of multi-
plicative error can be defined: 

( )
lh

h

xx
x

⋅−
=+

a
g 11   (14)

Basing on the decision rule, which takes into 
account the last transformed characteristic, one 
can obtain: 
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The lower interval of shift θl11 in the second 
stage of the cycle will be located to the right of 
limit value хl. As in the first step it means that the 
objects whose values are in the range [(xl , θl12)] 
is considered as unfit, although they are fit in fact.

Comparing the expressions (12) and (15) it can 
be concluded that the additive conversion in the 
second stage of cycle a length of equivalent shift 
range will be β times less than in the first stage of 
this cycle.

After a similar transformation, in the second and 
the next cycles, there is the general expression for 
the final shifts and the probabilities of erroneous 
decisions (false rejections):
 ( ) ( ),21and11

1 ixix nlnihlnil −
−

⋅=−
−

⋅= −β
βaθ

β
βaθ   (16)

 
( ) ( ) ( )

( ) .21

11

1

err  









−

−
⋅−−

++−











−







 −
⋅+=

− ixxF

xFxFixxFP

nlh

hlnllani

β
β

a

β
β

a

 (17)

Then, the additive error during processing 
does not influence on credibility of the decisions. 
However, changing a sign of multiplicative error 
does not lead only to change the type of incorrect 
decisions. But at the other data it also increases the 
length of equivalent intervals, as

g
ga

g
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+
=>
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=

111
 
The purpose of use an additive or multiplica-

tive transformation of conversion characteristic 
will be assessed. Assume that the distribution of 
possible values of the tested quantity is uniform 
with a density f (x).

At first, it is considered the probability of incor-

rect decisions for the first stage i = 1 and in the 
first cycle n = 1. From expressions (10) and (17), it 
follows that equality of the probability of incorrect 
decisions is reached at the fulfillment of condition

).1(/)1( −⋅=−∆ βaββ lx   (18)

Assuming that γ = α / (1 + α) it follows that

 
Δ

Δ
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β

g
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Expression (19) is a boundary condition of the 
application of transformation type. Thus, fulfilling 

one of the conditions  m
β

g =
−⋅

<
Δ

Δ

lх
 or Δ< α•β•xl  

a transformation with additive cycle should be used 
because then the probability of incorrect decision 
will be lower. Otherwise, it is necessary to use a 
transformation with multiplicative cycle.

4. Conclusions
To ensure the reliability of decisions and the 

compatibility of tested parameter with requirements 
(standard) it is sufficient to calibrate a conversion 
characteristic of measuring system only in two 
points, which correspond to the limiting values of 
tolerance interval. Usually, a real conversion charac-
teristic of measuring system has a sensitivity which 
differs from a nominal characteristic. It may have a 
different initial value and other slope. These errors 
are systematic. They can also lead to increased in-
fluence both the random scatter of studied quantity 
and the random errors of measurement on the reli-
ability of decisions.To eliminate this impact, it  is 
not enough to make appropriate corrections. It is also 
necessary to transform the conversion characteristic 
of measuring system and to match it with a nominal 
characteristic, taking into account the limiting values 
of tolerance interval.

Such a transformation consists of several cycles, 
each of them comprises two steps: additive and 
multiplicative. In the cycle starting from the change 
in sensitivity (slope) of conversion characteristic 
(transformation multiplicative) the probability of 
incorrect decisions in both stages of a cycle remains 
unchanged. In the cycle of additive transformation, 
in its first stage, a parallel shift of characteristic is 
made and it results with a less probability in the 
second stage. The reduction depends on the length 
of tolerance interval of a controlled parameter.

Therefore, when choosing the type of transfor-
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mation, it is necessary to take into account not only 
the size of systematic error components of conver-
sion characteristic but also the length of tolerance 
interval of a controlled parameter. 
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ПОВЫШЕНИЕ ДОСТОВЕРНОСТИ КОНТРОЛЯ ПУТЕМ 
КОРРЕКТИРОВКИ ФУНКЦИИ ПРЕОБРАЗОВАНИЯ 
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Резюме: Как известно, реальная характеристика преобразования измерительной системы отличается от 

номинальной. При проведении измерительного контроля это может привести к увеличению вероятности 
ошибочных решений. В  связи с этим необходимо при калибровке трансформировать характеристику 
преобразования, приближая ее в областях граничных значений к номинальной. Трансформация характеристики 
может состоять из нескольких циклов, каждый из которых включает два этапа – мультипликативный и 
аддитивный. Для выбора вида трансформации и числа циклов необходимо, в первую очередь, анализировать 
соотношение между составляющими погрешности преобразования измерительной системы, а также длину 
допускового интервала. Получены соотношения, которые позволяют оценить вероятность ошибочных решений 
как внутри цикла, так и при переходе к следующему циклу трансформации. 

Ключевые слова: измерительный канал, реальная характеристика преобразования, номинальная 
характеристика, измерительный контроль, мультипликативный и аддитивный цикл, вероятность ошибочных 
решений.

ПОВИШАВАНЕ НА ДОСТОВЕРНОСТТА НА КОНТРОЛА ЧРЕЗ  
КОРИГИРАНЕ НА ФУНКЦИЯТА НА ПРЕОБРАЗУВАНЕ НА 

ИЗМЕРВАТЕЛНАТА СИСТЕМА
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Резюме: Както е известно, реалната характеристика на преобразуването на измервателната система се 
различава от номиналната. При извършването на измервателния контрол това може да доведе до увеличаването 
на вероятността от грешни решения. Във връзка с това е необходимо при калибрирането да се трансформира 
характеристиката на преобразуване, приближавайки я в областите на граничните стойности към номиналната. 
Трансформирането на характеристиката може да се състои от няколко цикъла, всеки от които включва два 
етапа – мултипликационен и адитивен. За избор на вида трансформация и броя на циклите е необходимо, преди 
всичко, да се анализира съотношението между съставящите на грешката на преобразуване на измервателната 
система, а също и на дължината на  допустковия интервал. Получени са съотношения, които позволяват да 
се оцени вероятността за грешни решения, както вътре в цикъла, така и при прехода към следващия цикъл 
на трансформация.

Ключови думи: измервателен канал, реална характеристика на преобразуване, номинална характеристика, 
измервателен контрол, мултипликационен и адитивен цикъл, вероятност за грешни решения.


