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EXPERIMENTAL METHODS OF ASSESSING RELIABILITY 

G.Rannev, A.Tarasenko, V.Chernova

Summary: The tasks of selecting a set of controlled quantities and determining the areas of controlled states 
are solved on the basis of analysis of the properties of the object of control, taking into account the features of its 
operation and evaluating the capabilities of the level of reliability by the efforts of specialists who create or operate 
this monitoring object.

Key words: object of control, level and reliability estimation, probability, means of measurement, errors of the 
first and second kind, nomogram, error tree.

In many practical applications (for example, 
in the control of finished products), controlled 
quantities and areas of their normal values are set 
in advance in accordance with the technical or tech-
nological requirements imposed on the object of 
control. Then the set of quantities and their states, 
subject to control, is predetermined.

In general, the status of a monitoring object can 
be estimated by a large number of variables, so that 
the task arises of selecting the minimum necessary 
set of quantities that provides a sufficiently reliable 
estimate of the state of the object.

One way to solve the problem in assessing 
the reliability of MI (measuring instruments) is 
to order the quantities according to the degree of 
their influence on the evaluation of operability and 
the restriction of their set by such quantities that 
will provide a given probability of assessing the 
operability.

Suppose that the performance of an object can 
be characterized by the values  x1,…, xk . If the 
events ensuring the operability of the object to 
the value of хi , are denoted by Аi , then the prob-
ability of the operability of the entire object (with 
dependent events Ai)

𝑝𝑝 = 𝑝𝑝(𝐴𝐴1, … ,𝐴𝐴𝑘𝑘) =
𝑝𝑝(𝐴𝐴1)𝑝𝑝(𝐴𝐴2|𝐴𝐴1), … ,𝑝𝑝(𝐴𝐴𝑘𝑘 |𝐴𝐴1, … ,𝐴𝐴𝑘𝑘−1) =

∏ 𝑝𝑝𝑖𝑖|𝑖𝑖−1
𝑘𝑘
𝑖𝑖=1 . 

In this formula 𝑝𝑝𝑖𝑖|𝑖𝑖−1  – is the conditional 
probability of failure-free operation of the object, 
estimated from the value of хi, calculated on the 
condition that the object is operable in all quantities 
from х1 to хi – 1. In order to minimize the number 
of controlled quantities, it is reasonable to select at 
first the values associated with the least probability 
of failure-free operation of the object.

The total number of monitored values can be 
determined if the permissible probability of oper-
ability of pдоп is given from the following relation:

𝑝𝑝доп ≤ ∏ 𝑝𝑝𝑖𝑖|𝑖𝑖−1
𝑘𝑘𝑖𝑖
𝑖𝑖=1 (𝜏𝜏)    ∏ 𝑝𝑝н,𝑗𝑗 |𝑗𝑗−1

𝑘𝑘
𝑗𝑗=𝑘𝑘1+1 (𝜏𝜏). 

In this formula 𝑝𝑝н,𝑗𝑗 |𝑗𝑗−1(𝜏𝜏)  – is the condi-
tional probability of failure-free operation by j 
uncontrolled quantity at the time τ of the end of 
the control; 𝑝𝑝𝑖𝑖|𝑖𝑖−1(𝜏𝜏)  – is the same, but for the i 
controlled quantity.

The ratio of the number of controlled quantities 
to the total number of quantities characterizing the 
state of MI is called completeness.

For independent events 𝐴𝐴𝑖𝑖   

𝑝𝑝доп ≤�𝑝𝑝(𝐴𝐴𝑖𝑖 ,
𝑘𝑘𝑖𝑖

𝑖𝑖=1

𝜏𝜏)   � 𝑝𝑝�𝐴𝐴𝑗𝑗 , 𝑡𝑡�.
𝑘𝑘

𝑗𝑗=𝑘𝑘1+1

 

When checking the reliability and operability 
of complex dynamic objects in the form of, for 
example, a collection of a controlled object and an 
automatic control device, the choice of controlled 
quantities and their normal values can be per-
formed as a result of an analysis of the differential 
equations describing MI. In this analysis, of course, 
the designation of MI or the system and the criteria 
for evaluating its behavior are taken into account.

The choice of controlled quantities can also be 
performed in such a way that the specified perfor-
mance characteristics, time or cost criteria, etc., 
are satisfied.

When planning a control experiment and system 
design of the reliability level, methods of probabil-
ity theory and mathematical statistics are widely 
used. The range of issues solved in this case is quite 
large. Let us discuss some general questions of sta-
tistical analysis of reliability, which are important 
primarily for monitoring the performance of MI.

Determination of the number of valid control 
objects for given probability distributions of con-
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trolled quantities and product acceptance limits in 
the event that the errors of control devices are not 
taken into account does not present any particular 
difficulties.

Suppose that the probability distribution den-
sity of the values of the monitored value  f(x), the 
lower cн and the upper cв limit of the norm (Figure 
1). Then the number of items of non-defective 
products in a fraction of the total number is as the 

𝑊𝑊г = ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥𝑐𝑐в
𝑐𝑐н

, 

And defective as 
𝑊𝑊в = ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥∞

𝑐𝑐в
;     𝑊𝑊н = ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥𝑐𝑐н

−∞ .  

Figure 1. The definition of the proportion of normal 
and defective products

If the random value х is distributed according to 
the normal law, to calculate Wг, Wв, Wн tables of the 
probability integral (Laplace functions) are used.

The presence of errors in the control device 
leads to specific errors that characterize the quality 
of control. In this case, we distinguish the errors 
of the first kind, which also bear the name of the 
supplier's risk, or false alarm, and determine the 
probability of assigning suitable control objects to 
unsuitable ones, and errors of the second kind, or 
consumer risk, missing transitions, in the presence 
of which the unsuitable products are classified as 
suitable.

If the controlled random variable x and the er-
ror of the control device у are independent in the 
probabilistic sense, then the result of the control 
can be obtained by operating with the composition 
of the distribution densities f(x) and φ(y). Figure 2 
shows the density distribution of the probabilities 
of the controlled value and the error distribution 
density of the monitoring devices.

As is known, if the distribution densities of f(x) 
and φ(y) are normal, then the distribution density 

of the sum of independent random variables will 
also be normal, the mathematical expectations and 
variances of the random variables х и у are added 
together.

 
Figure 2. Density distribution of the probabilities of 

the controlled value and the error of the devices

 
Figure 3. Composition  f(x) and φ(y) 

When performing control processes, the follow-
ing condition is usually valid

(𝑐𝑐в − 𝑐𝑐н) > 𝑦𝑦𝑚𝑚𝑚𝑚𝑥𝑥 . 

In view of this condition, one can find the prob-
ability of a first-kind error (vendor risk)
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𝑊𝑊г−гн =
∫ 𝑓𝑓(𝑥𝑥)�∫ 𝜑𝜑(𝑦𝑦)𝑑𝑑𝑦𝑦 +𝑐𝑐н−𝑥𝑥

−∞
𝑐𝑐в
𝑐𝑐н

∫ 𝜑𝜑(𝑦𝑦)𝑑𝑑𝑦𝑦𝑐𝑐н−𝑥𝑥
𝑐𝑐в−𝑥𝑥

� 𝑑𝑑𝑥𝑥; 

Probability of error of the second kind (con-
sumer risk)

𝑊𝑊г−гн = ∫ 𝑓𝑓(𝑥𝑥) �∫ 𝜑𝜑(𝑦𝑦)𝑑𝑑𝑦𝑦𝑐𝑐в−𝑥𝑥
𝑐𝑐н−𝑥𝑥

� 𝑑𝑑𝑥𝑥 +𝑐𝑐н
−∞

∫ 𝑓𝑓(𝑥𝑥) �∫ 𝜑𝜑(𝑦𝑦)𝑑𝑑𝑦𝑦𝑐𝑐в−𝑥𝑥
𝑐𝑐н−𝑥𝑥

� 𝑑𝑑𝑥𝑥∞
𝑐𝑐в

; 

Share of defective products, both in terms of 
control results and in fact

𝑊𝑊г−гн = � 𝑓𝑓(𝑥𝑥) � � 𝜑𝜑(𝑦𝑦)𝑑𝑑𝑦𝑦

𝑐𝑐н−𝑥𝑥

−∞

𝑐𝑐н

−∞

+ � 𝜑𝜑(𝑦𝑦)𝑑𝑑𝑦𝑦
∞

𝑐𝑐в−𝑥𝑥

� 𝑑𝑑𝑥𝑥

+ � 𝑓𝑓(𝑥𝑥)
∞

𝑐𝑐в

� � 𝜑𝜑(𝑦𝑦)𝑑𝑑𝑦𝑦

𝑐𝑐н−𝑥𝑥

−∞

+ � 𝜑𝜑(𝑦𝑦)𝑑𝑑𝑦𝑦
∞

𝑐𝑐в−𝑥𝑥

� 𝑑𝑑𝑥𝑥. 

The limits of integration in these expressions 
are determined from the composition of densities 
of f(x) and φ(y) (Figure 3).

The error of the first kind is often determined as 
follows: 𝛼𝛼 = 𝑊𝑊г−гн/𝑊𝑊 ∗.  Here, in the denomina-
tor of the following expressions are used:

𝑊𝑊г = � 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥

𝑐𝑐в

𝑐𝑐н

   или

𝑊𝑊г−г = � 𝑓𝑓(𝑥𝑥) � � 𝜑𝜑(𝑦𝑦)𝑑𝑑𝑦𝑦

𝑐𝑐в−𝑥𝑥

𝑐𝑐н−𝑥𝑥

� 𝑑𝑑𝑥𝑥

𝑐𝑐в

𝑐𝑐н

 

или  𝑊𝑊г = ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥∞
−∞ . 

Accordingly, the error of the second kind is 
determined by 𝛽𝛽 = 𝑊𝑊нг−г/(1 −𝑊𝑊 ∗ ). .

When calculating the probabilities from these 
formulas, there are certain difficulties. For practi-
cal purposes, it is of interest to use approximate 
estimates of these probabilities.

For their calculation it is necessary to resort 

to numerical methods of integration. The curves 
f(x) and φ(y) are divided within уmax around the 
tolerance boundaries into several parts, the proba-
bilities of finding the controlled items (p1, p2,...pn)  
and the probability of obtaining control resu  
(q1, q2,...qn). Then the probability that determines 
the supplier's risk for symmetric distribution densi-
ty curves f(x) and φ(y) will be expressed as the sum 
of the partial products of probabilities pi, entering 
the tolerance zone, and the probabilities of the 
output of the measurement results of the i values 
of the controlled quantities beyond the tolerance 
zone. So, for example, if i = 5, then it is possible 
to obtain the following components of the reject 
probability of good products:

𝑊𝑊 ∗ г−нг ≈ 2[𝑝𝑝1(𝑞𝑞1 + 𝑞𝑞2 + 𝑞𝑞3 + 𝑞𝑞4 +
𝑞𝑞5) + 𝑝𝑝2(𝑞𝑞1 + 𝑞𝑞2 + 𝑞𝑞3 + 𝑞𝑞4) +𝑝𝑝3(𝑞𝑞1 + 𝑞𝑞2 +

𝑞𝑞3) + 𝑝𝑝4(𝑞𝑞1 + 𝑞𝑞2) + 𝑝𝑝5𝑞𝑞1]. 

In a similar way, we can get numerical values 
𝑊𝑊 ∗ г−г,𝑊𝑊 ∗ нг−г,𝑊𝑊 ∗ нг−нг . 

For approximate calculations, we use nomo-
grams linking the estimates of the errors of the first 
and second kind for the normal probability density 
densities  f(x) and φ(y), the standard deviation er-
rors of the control devices σY  and the controlled 
value σX and the symmetric tolerance zone l. Below 
is a nomogram (Fig. 4), in which, for given values 
of α, l/σX one can find either 3σY /l or 3σY/σX. For 
example, for a symmetric tolerance field and given  
α = 0,02 (р = 0,01) and l/σX = 2,5 according to the 
graph (see Figure 4) 3σY /l≈0,55 and 3σY /σX ≈1,6. 
A nomogram linking the error of the second kind 
and l/σX with the error of the monitoring device is 
shown in Fig. 5.

Fig. 4. Nomogram: Given α, l/σX ;  
there are 3σY /l, 3σY/σX 
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It should be noted that errors of the second kind 
are less than errors of the first kind with identical 
errors in the control device and other equal con-
ditions. So, if  3σY /σX = 1,6 and l/σX =2,5, then 
2β≈0,002.

Fig. 5. Nomogram: given β, l/σX; there are 3σY /l,  
3σY /σX

According to the nomogram in Fig. 6, for giv-
en (α + β) and l/σX, it is possible to determine the 
permissible errors of control.

It should be noted that other methods can be 
used to determine control errors of the first and 
second kind. For example, if the laws of distribu-
tion of fit products f1 (x) and unfit f2 (x) for a given 

controlled quantity are known, and if they partially 
overlap (Figure 7), then for a given rate c it is 
possible to determine the probability of assigning 
suitable products to this controlled value as unfit 
and vice versa.

 Fig. 7. Density of the distribution of the probabilities 
of suitable and unfit products

Depending on the task and the composition of 
MI, different methods of reliability assessment are 
used. For small systems, methods for analyzing the 
function of failure hazard, efficiency, or system 
states are applicable successfully.

Methods for analyzing the function of the 
hazard of failure and efficiency are based on the 
compilation of a list of all possible failures of the 
elements of the system and consideration of their 
effect on its efficiency. These methods allow you 
to assess qualitatively, as well as quantify the 
requirements imposed on the system. However, 
for large systems they are of little use and are not 
sufficiently obvious. 

The method of analyzing system states is appli-
cable when it is possible to determine their volume 
(the number of different states of the system) and 
describe its transitions from one state to another, 
as stochastic processes. Update processes, Markov 
processes or their generalizations are very often 
used. Among other indicators, the probability of 
the system being in different states can be calcu-
lated Usually the behavior of the system is very 
well described by stochastic processes. When 
analyzing states, the problem of determining the 
transition states and the probabilities of transitions 
or distributions of the latter arises. The method is 
not applicable for large systems, since when find-
ing each element of the system in one of the two 
states ("working" or "failed"), a system containing 
п элементов, elements can be in 2n different states.

For the study of large systems, a compiled meth-
od of analyzing the "error tree" and the sequence 
of events is usually used. When analyzing the 
sequence of events for each event (For example, 

 Fig. 6. Nomogram: given (α + β), l/σX ;  
there are 3σY /l, 3σY/σX
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power failure) determines the success or failure 
of the protective measures (For example, the in-
clusion of a local power source) and the effect of 
this event on the system, displayed as a sequence 
of events. Evaluation of different sequences of 
events is usually performed using the "error tree" 
method. The "Error Tree" is a logical (Boolean) 
model, and as a rule, the state of each element of 
the system is called "true" when it fails, and "false" 
in the working state. If more than two states of one 
element are possible (for example, "the valve is 
running", "the valve is incorrectly opened", "the 
valve is mistakenly closed"), the latter is consid-
ered as consisting of several elements.

The "error tree" is processed using computers. 
Modeling or analytical programs are applicable 
depending on the treatment method used.

When using modeling programs for each 
functional element of the system, according to the 
distribution of the service life or repair time using 
a random number generator (Monte Carlo models), 
the failure or recovery moments are played and, in 
accordance with the logic of the system Determine 
the failure or failure-free operation of the system 
during the period of operation in question. Since 
in simulation, the accuracy of the result depends 
on the number of system failures found, then for 
small failure probabilities of the system, it takes 
a long time to model. In such cases, dispersion 
methods are applicable, the application of which 
requires, however, from the perpetrator of the deep 
knowledge of the system under study and the data 
processing technique.

When using analytical methods, good results 
are achieved with a minimum number of sections 
of the "error tree". The study is carried out in two 
stages: first, the minimum number of sections of 
the "error tree" is found, then the characteristics of 
the system are calculated from the number found. 

To calculate the reliability of systems, data on 
the failures of their elements are needed. Statistical 
uncertainty (variance) of these data is described 
by confidence intervals or distribution functions. 
In calculations of the range of variations, the 
dependence of the spread (or distribution) of the 
calculated characteristics of the systems on the 
spread (or distribution) of the input data is deter-
mined. Calculations of the range of the variations 
are carried out over the minimum number of cross 
sections of the system.
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