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COMPARATIVE ANALYSIS OF INTERVAL CRITERIA 
FOR THE ENDING OF THE TRANSIENT PROCESS 

IN THE MEASURING CIRCUIT

Alexey Lupachev, Yuriy Bekhtin, Petr Makarychev 
Yulia Yakushenkova, Pavel Fursov, Mew Nay Jo

Abstract: The well-known criteria of detecting the endings of steady-state transient response value (referred to 
the criteria of so-called interval kind) use an admissible both absolute and relative forms of dynamic error of the first 
kind. At the same time, different ways for rationing of the allowable level lead to different results after usage of the 
criteria. It is because any analysis of the current steady-state is conducted using either absolute or relative threshold 
values for the increment of the physical quantity at the observation time interval. This paper contains the results of 
comparative analysis for some interval criteria with different forms.
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Introduction
The task of determining the time moment for 

appearing a steady-state value of a transient process 
in on-line mode for any measuring object and/or 
any measuring circuit being a part of a measuring 
device is an actual task for many modern technol-
ogies.

If á priori information about dynamic properties 
of the measuring circuit such as the time constant τ 
of the aperiodic link [1] is known then the problem 
is solved by using the dependency between the 
duration of the transient process (control time) and 
the time constant τ:

TY.M = τln(1/δД.0) = τβ(δД.0),                      (1)

where β(δД.0) is a factor that depends on the per-
missible relative dynamic error δД.0 of the first 
kind, β = ln(1/δД.0).

The criterion in the form (1) might be called 
the classical instantaneous criterion (CIC), be-
cause it allows to á priori determine the moment 
of the steady state in the measuring circuit. The 
methods with a given permissible dynamic error 
δД.0 (CIC-R) in the relative form are invariant to 
the signal uncertainty of the transient process in 
the measured circuit, i.e. the value TY.M does not 
depend on the asymptote value.

The criteria referred in [2] to the criteria of the 
interval type (CIT) do analysis the increment of 
the transient process at a given observation interval 
ΔТН and compare the obtained increment to the 
permissible increment. The absolute (CIT-A) and 
the relative (CIT-R) forms of ΔН are used in the 
capacity of the permissible increment.

The CIT are widely explored in modern scientif-
ic research. There is an example of the CIT analysis 
performed by J.W. Welch in [3]. The seven criteria 
of temperature stabilization applied to spacecraft 
testing on temperature balance have been studied 
[3]. These criteria for spacecraft testing are used 
by well-known scientific organizations: National 
Aeronautics and Space Administration [4], Japan 
Aerospace eXploration Agency, European Space 
Agency [5], Jet Propulsion Laboratory [6], cor-
respondingly: 0.05°С for 6 hours and 0.5°С for  
1 hour; 0.1°С for 5 hours; 0.3°С for 1 hour; 0.3°С 
for 3 hour.

These criteria (denoted as “ΔН[°C]/ΔТН [hour]”) 
claim that the temperature stability in the meas-
uring circuit (in the object) is reached if the tran-
sient process having the largest temperature time 
constant has a temperature increment less than  
ΔН [°C] at the observation interval ΔТН [hour]. 
For example, there is 1°C when measuring more 
than 5 hours, i.e. the dynamic rate of temperature 
changes is less than 0.2°С/1h [7]. 

Significant errors of determining the steady-
state moment can lead to significant errors in the 
object model parameter values or to excessive 
energy costs [8].

The maximal duration of the test mode should 
be considered as the time when the temperatures of 
the spacecraft elements should reach their steady-
state values [9]. The Russian standard GOST R 
56469-2015 [10] specifies that the duration of the 
modes “must correspond to the condition for ob-
taining a steady value of the predetermined temper-
atures. In most cases, the test mode is considered 
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to be steady under the thermal consideration, if 
the temperature change characterizing the thermal 
state is not more than 1°C during 5 hours. If the 
test object contains elements with low thermal in-
ertia, the time to reach steady-state conditions can 
be reduced. To determine the steady state another 
criterion can be used, if it is reliably confirmed by 
previously performed thermal tests”.

2. The modern state of the issue  
on the research topic
It is pointed in the work [3] that a rigorous 

approach to the determination of the criteria of 
temperature stabilization has been found in E. 
Colizzi's research [11]. S.L. Rickman and E.K. 
Ungar [8] outlined a simpler method whereby the 
thermal time constants and the rate of temperature 
change are calculated during test modes and used 
for extrapolation to estimate the steady-state tem-
perature Θ0.

An analysis of the CIT application uses the 
well-known transient process model at the output 
of the first-order dynamic link Θ(t) [8, 11]:

Θ(t)=α+ηexp(-t/τ)=Θ0–(Θ0–ΘН)exp(-t/τ),   (2)

where η is the value of deviation from the initial 
state, η = (Θ0–ΘН); ΘН is the initial state of the 
object; α is the final state of the object (the asymp-
tote of a transient process), α = Θ0; τ is the process 
time constant. 

In the model (2), the author of [11] uses the 
notion of a finite time constant τ∞ for the system 
“object + measuring circuit” and determines the 
minimum interval ΔТН.min of the observation time 
for the transient process. This time is calculated 
using the permissible absolute increment of the 
transient process signal at the observation interval 
ΔН by means of the CIT-A and the permissible 
absolute error of the first kind ΔД.0=δД.0Θ0

ΔТН.min=τ∞ln{1+|ΔН|/ΔД.0}. (3)

Hence, the determination of ΔТН.min requires the 
presence of á priori or current information about 
the time constant of the transient process.

In [11], it is recommended to select the min-
imum observation interval from the range τ∞/3 
to τ∞/2 for the most situations encountered in the 
practice of testing modern space vehicles. In these 
cases, the permissible increment ΔН for the CIT-A 
is 1°C (that relates to the level of the limit error 
for temperature conversion). The allowable level 
of the dynamic error ΔД.0 is determined from the 

range 1.54 to 2.5°С during the tests.
To interpret the equation (3) taken from [11], 

the following calculations can be proposed. If the 
asymptote of the analyzed transient process is 
equal to Θ0, then it is possible to convert the eq. (3) 
having so-called the absolute form of the parameter 
writing (at ΔН > 0) to the equation (4) which uses 
the relative form of writings:

ΔŤН = τ∞ ln{1 + δН /δД.0}.             (4)

We have for ΔН=Θ2–Θ1 and ΔД.0=Θ0–Θ2 (as it 
is shown on Figure 1): 

ΔŤН=τ∞ ln(δД.0+δН) - τ∞ ln(δД.0)=

=τ∞ ln(1/δД.0) - τ∞ ln[1/(δД.0+δН)]=

=τ∞ β(δД.0) - τ∞ β(δΣ).

Thus, the observation interval is uniquely 
determined through the two components (Fig. 1) 
which are:

1) the duration of the transient process  
TY = τ∞ ln(δД.0) under the admissible relative dy-
namic error of the first kind δД.0;

2) the duration of the transient process  
TΣ = τ∞ ln(δΣ) under the admissible relative dynam-
ic error of the first kind δΣ = (δД.0 + δН).

The dependency between the moment TYS cor-
responding the onset of the steady-state value and 
the CIT-R “δН/ΔТН” parameters for the first-order 
dynamic model was found in [12]:

TY.S ≥  τ F(δН, ΔТН) = τζ,    (5)

where ζ(δН, ΔТН) is the multiplier that depends on 
the parameters of the interval criterion, and

ζ(δН, ΔТН)=ln{[1+δН–exp(-ΔТН/τ)]/δН}.  (6)

Thus, the transformation interval criterion prob-
lem for the linear measuring circuit was solved in 
[12] as “1%/30s”, which was used to determine the 
time of appearing the steady-state operating current 
of the ohmmeter measuring circuit [13; par. 4.1.4]. 
However, in order to determine the steady timing of 
the transient process signal, it is necessary to know 
the time constant of the measuring circuit τ. In this 
case, the instantaneous value of Θ1(t1) is taken as 
the steady-state value of the transient process at 
the beginning of the observation interval tн [12]. 
It should be noted that the standard [13] does not 
specify this aspect.
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The equation (5) can be used rationally to ana-
lyze correlation between the minimum value of the 
setting time TYS.min and the dynamic error obtained 
at the jth observation interval. Here, the conditions 
for the interval criterion are satisfied.

The relative increments of the transient process 
signal during ΔТН can be determined for both ends 
of the jth observation interval as follows:  

ρjн = [aj(tк)  - aj(tн)]/aj(tн);    

ρjк = [aj(tк)  - aj(tн)]/aj(tк), (7)

at that we have: ρjк = ρjн/νj, νj = aj(tк) /aj(tн) > 1.
Then, the moment of the transient process de-

termined by the interval criterion can be attributed 
to both the beginning of tн and to the end tк of the 
observation interval ΔТН.j. Thus, we can assume 
that the steady-state value of the transient process 
begins when the criterion satisfies

δН ≥ ρjк (8)

onto the interval with the number j at time tк, be-
cause always ρjк ≤ ρjн.

The following relative dynamic errors of the 
first kind of steady-state process at the ends of 
the jth observation interval will be a posteriori 
received:

δн(τ,j) = [Θ0 - aj(tн)]/Θ0;

δк(τ,j) = [Θ0 - aj(tк)]/Θ0, (9)

where δн(τ,j) is the relative error of transient 
process at the beginning of the interval ΔТН;

δк(τ,j) is the relative error of reaching the tran-
sient process at the end of the interval ΔТН.

In [14], it was established that there exists a 
set of values of the time constant of the transient 
process model. This conclusion has been made 
by comparison of the transient process time TY 
obtained by the criterion (1) and TYS.min. The 
inequality (8) is satisfied for this model, and the 
dynamic error at the ending of the observation 
interval exceeds the allowable level:

δк(tк) > δД.0. (10)

The minimum value from this set is the crit-
ical value of τКР for the CIT, which (assuming  
δН = δД.0) is determined as follows [14]:

τКР = ΔТН / ln [2/(1 + δН)]. (11)

3. Comparative analysis of CIT-A  
and CIT-R
Quality of the interval criterion should be eval-

uated through the deviation of the CIT results from 
the model ones. The following parameters are the 
CIT output:
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Fig.1. To the definition of the steady-state criterion
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1) the time ТY.S of the onset of the steady-state 
process occurring at the end of the jth observation 
interval, where the condition not to exceed the 
permissible size of the transient process signal 
increment is met;

2) the dynamic error δT = δк(τ,j) of the first kind 
reached at the end of the jth observation interval 
is determined a posteriori using the estimator Θ0.

Analyzing the CIT-A and CIT-R as model crite-
ria, let us take the parameters of the instantaneous 
criterion of the form (1):

1) the duration of the transient process  
TY.M(δД.0);

2) the permissible relative dynamic error δД.0 
of the first kind.

The characteristics of the correct use of the CIT 
are the following values:

1) the relative deviation εt of the time ТY.S for 
the the steady-state process from the duration of 
the transient process TY.M(δД.0):

εt=[ТY.S - TY.M(δД.0)]/TY.M (δД.0); (12)

2) the relative deviation εδ of the obtained 
dynamic error δТ from the permissible relative 
dynamic error δД.0 of the first kind:

εδ=[δк(τ,j)-δД.0]/δД.0. (13)
The simulation of transient process has been 

carried out using spreadsheets with the following 
parameters of the measuring circuit model: the 
process time constant was τ∞ = 100 sec.; the initial 
state of the object was Θн = 0°С; the final state of 
the object was Θ0 = 100 °С; the discreteness of 
time in the simulation was Δt = 0.1 sec.

The permissible dynamic error δД.0 for deter-
mining the moments of endings was chosen from 
the set {0.5; 1.0; 1.5; 2.0; 2.5; 3.0}%. Going with 
this relative error, the level of the permissible 
absolute error ΔД.0=δД.0Θ0 was determined, which 
was then used to calculate the duration of the 
observation interval ΔТН.min. according to eq. (3). 

One and the same level of allowable increment 
of the transient process signal was established dur-
ing the observation time for interval criteria, i.e. 
ΔН = 1 °С for CIT-A; δН = 1 % for CIT-R. In this 
case, the values of ΔТН were calculated according 
to eq. (3) and were the same for both criteria.

The results of computing modeling CIT-A are 
presented in Table 1 which reflects the calculated 
values of the relative deviations εt.А and εδ.А in de-
pendency on the permissible level of the dynamic 
error ΔД.0.

Table 1 - Results of computing modeling CIT-А
ΔД.0, °С 0.5 1.0 1.5 2.0 2.5 3.0 

ΔТН, s 110 69,3 51,1 41 34 29 

TY.M(ΔД.0), 
s 529.8 460.5 420.0 391.2 368.9 350.7 

ТY.S.А, s 514.8 460.3 421.1 391.0 368.8 350.8 

εt.А, % -2.83 -0.043 0.269 -0.051 -0.024 0.040 

δТ.А(ΔД.0),% 0.579 0.999 1.498 1.996 2.500 2.996 

εδ.А, %  15.88 -0.083 -0.129 -0.198 0.088 -0.144 

 
The results of computing modeling CIT-R are 

presented in Table 2 which shows the calculated 
values of the relative deviations εt.О and εδ.О in 
dependency on the permissible level of dynamic 
error δД.0. 

Table 2 - Results of digital modeling CIT-R

ΔД.0, °С 0.5 1.0 1.5 2.0 2.5 3.0 

ΔТН, s 110 69.3 51.1 41 34 29 

τкр, s 161.1 101.5 74.7 60.0 49.8 42.5 

ТY.S.O, s 515.3 461.3 421.6 393.0 371.1 353.8 

εt.O, % -2.74 0.174 0.388 0.460 0.599 0.895 

δТ.O(ΔД.0),% 0.588 0.989 1.476 1.957 2.445 2.907 

εδ.O, %  17.5 -1.08 -1.62 -2.17 -2.20 -3.10 

 
The changes of the error εt corresponding the 

ending moment of the interval according to eq. 
(12) for CIT-A and CIT-R with respect to the basic 
criterion (1) are shown onto Fig. 2. The dynamic 
errors reached by CIT-R at the endings of the ob-
servation interval are shown onto Fig. 3.

 

Fig.2 The relative error of the determination of the 
endings of the transient process according to CIT-A 

and CIT-R

The integral estimator to evaluate an adequacy 
of CIT-A and CIT-R for the base model (the mo-
ment criterion (1)) is any norm ||ε|| of the residual 
vectors εt and εδ. The best vector among two vec-
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tors w1 and w2 containing the parameters of CIT-A 
and CIT-R will be the one that provides the smaller 
value of the norm of the residual vectors: ||ε(w1)|| 
or ||ε(w2)||.

 

Fig.3 The dynamic error achieved by CIT-R at the 
observation interval 

A vector giving the minimal value of the one 
norm, in general, may not provide with minimal 
values for other norms to be used [15]. The prob-
lem of choosing the best norm is an independent 
problem; therefore, in our analysis, we used a com-
bination of the most frequently used norms [15]:

r1 = ||ε||1 = ∑ |𝜀𝜀𝑖𝑖|𝑛𝑛
𝑖𝑖=1 ;  r2 = ||ε||2 = �∑ 𝜀𝜀𝑖𝑖

2𝑛𝑛
𝑖𝑖=1  ;                      

r∞ = ||ε||∞ = 𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖=1
𝑛𝑛 |𝜀𝜀𝑖𝑖|.                                       

One can see from Figure 4 the correlation 
between vectors εt and εδ for a certain criterion, 
where they are grouped into two isolated classes 
with the coordinates coming from the standardized 
discrepancies: the ordinate – r1/r∞; the abscissa is 
r2/r∞. Moreover, one can see that ||εt||∞ = 2.83 % 
and ||εδ||∞ = 17.53 %.

Fig.4 Norms ||ε|| of the vectors εt and εδ  
for CIT-A and CIT-R

The conducted analysis indicates the preferred 
use of CIT-A for determining the ending of the 
steady-state in the measuring circuit when the as-

ymptote value of the transient process is maximal.
It is necessary to explore the behavior of CIT-A 

for the asymptotes of transient process which dif-
fers from the maximal asymptotes, because CIT-R 
and CIC-R are invariant to the signal uncertainty 
of the transient process in the measuring circuit.

4. Conclusion
The conducted analysis of different inter-

val-type criteria used to on-line determine the 
endings of the steady-state process in an inertial 
measuring circuit have shown their equivalence 
under the maximal value of signal asymptote.

The suggested method for comparative analysis 
of the criteria using the absolute or relative forms 
of the allowed signal increment at the observation 
interval is also appropriate to use for studying 
invariance of the interval criteria with respect to 
the signal uncertainty of the transient processes in 
the measuring circuit.
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